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SPECTRAL AND FREDHOLM PROPERTIES OF OPERATORS
IN ELEMENTARY NEST ALGEBRAS

BRUCE A. BARNES AND JON M. CLAUSS

ABSTRACT. Some spectral and Fredholm properties are proved for linear oper-
ators which leave invariant certain nests of closed subspaces.

1. INTRODUCTION

Throughout, X is an infinite-dimensional Banach space, B(X) is the algebra
of all bounded linear operators on X , and for T € B(X), o(T) is the spectrum
of T. For T € B(X), Lat(T) is the collection of all closed subspaces M of
X such that T(M) C M. When Lat(7) contains certain types of nests (totally
ordered collections), then this may affect the spectral or Fredholm properties of
T . A famous example is due to J. Ringrose: When 7 is a compact operator
and Lat(7") contains a continuous nest, then a(7") = {0} [3, Corollary 4.3.11].

In this paper we consider the spectral and Fredholm theory of operators T
such that Lat(7") contains an elementary nest of one of the two types described
below.

Definition 1. A collection & of closed subspaces of X is an elementary upper
nest (EUN) if & = {M,:0 < n < o}, where
(i) Mp={0}, Moo =X ,and M, C M,,, for n>0;
(i) M, is f.d. (finite-dimensional) for 0 < n < 00}
(i) U{M;, :0< n <} isdensein X.
The collection & as above is an elementary lower nest (ELN) if
(i) My ={0}, My=X,and M,,, C M, for n>0;
(i) M,/M,,, isfd. for n>0;
(i) N{M,:0<n < o} ={0}.

As an example, assume {Xj : k > 1} is a linearly independent collection of
f.d. subspaces of X such that X = @ Y ;2, Xi (for each x € X, there exists
a unique sequence {xy}¢>; With x, € Xi, k> 1,and x = Y .2, xi). Setting
My={0}, Mx=X,and M, =Y ;_, X, wehave & = {M, :0< n < oo} is
an EUN. An operator S € B(X) such that S(X,) C X,—; for n > 1 (Xo = {0})
is a type of backward shift operator. Clearly, & C Lat(S). Results in this paper
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show that ¢(S) is connected [Theorem 6], and that if 4 —.§ is Fredholm on
X, then ind(A4 —S) < 0 [Corollary 8]. Here ind(7) denotes the usual index of
a Fredholm operator T € B(X).

Also, note in this same situation that if Ny =X, N, = {0},and N, = {x =
She Xk €X:x, =0, 1<k<n}, 1<n<oo,then #/ ={N,:0<n< oo}
is an ELN.

2. SPECTRAL PROPERTIES

Throughout T is an operator in B(X). The object of this section is to show
that when & is an EUN or an ELN, and & C Lat(7T), then this affects the
‘spectral properties of 7. Let Alg(&) = {S € B(X) : & C Lat(S)} . The algebra
Alg(&) is a closed subalgebra of B(X) which contains the identity operator.
Properties of compact operators in Alg(.#"), where .#" is an elementary nest,
are studied in [2].

Proposition 2. When & is either an EUN or an ELN, then A = Alg(&) is
inverse closed in B(X) (thatis, if T€ A and T~' € B(X), then T~ € A).

Proof. Assume & = {M, : 0 < n < oo}. It suffices in either case to show
that if T € 4 and T~! € B(X), then T(M,) = M, for all n. When &
is an EUN, then this is obvious since T is 1-1 on M, and M, is f.d., so
T(M,) = M,. Now suppose & is an ELN. We do this case by induction.
Certainly T(M,) = M,. Suppose T(M,) = M, for some n. This implies
T maps M,/M,,, onto M,/M,.,. Therefore T is 1-1 on M,/M,,,. Fix
z € M,,,. By the induction hypothesis Jw € M, such that Tw = z. Thus,
T(w+ My ) =z+M,,,.Since T is 1-1 on M,/M,,,, w e My,,,.

Next we prove a key result. For T € B(X), let #(T) be the null space of
T and H#(T) be the range of T .

Theorem 3. Assume & C Lat(T).

() If & is EUN and T is surjective on M, /M, for n >0, then Z(T) is
dense in X .

(2)If & isan ELN and T is injective on M, /M, for n >0, then #(T) =
{0}.
(3) If & is an ELN and 4 (T) # {0}, then Z(T) is not dense in X .

Proof. Assume T is as in (1). Since T is surjective on M;/M,, My = {0},
then T(M;) = M, . We verify by induction that M, = T(M,) forall n > 1.
Assume T(M,) = M,. By hypothesis T(M,.1/M,) = M,,1/M,. Assume
z € M,,1. Then 3w € M,,, such that z — T(w) € M, . By the induction
hypothesis, 3x € M, with T(x) = z — T(w). Thus x + w € M, and
T(x+w) = z. Therefore, T(Mp11) = My . It follows that 52, M, € Z(T),
so H#(T) is dense in X .

Now assume T is as in (2). Suppose y € X,y # 0, and T(y) = 0. Choose
n such that ye M, and y ¢ M,,,. Then y+ M,y € My/Myi1,y + My #
0+ M,y . Also T(y + Myy) =T(y) + Mpy1 =0+ M,,,, a contradiction.

Assume that T is asin (3), so #(T) # {0}. By (2), 3n such that T is not
1-1 on M,/M,,,. Since M,/M,,, is f.d., T(M,/M,.,) is a proper subspace
of M,/M,,,. Thisimplies 3Z an f.d. subspace such that T(M,) C ZdM,.| #
M, . Now X = YoM, , where Y isan f.d. subspace. T(X)C T(Y)+T(M,) C
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T(Y)+ Z + M, . This last subspace is a closed proper subspace of X, so (3)
holds.

We use the following notation for various parts of the spectrum of an operator
T e B(X):

0,(T) = the point spectrum (eigenvalues) of T';
0.(T) = the continuous spectrum of T

={A¢ap(T): FA-T)=X,ZA-T)# X};
0,(T) = the residual spectrum of T = {A ¢ 0,(T) : Z(A—-T) # X}.

Corollary 4. Assume & C Lat(T).

(1) If &€ is an EUN, then o(T) = 0,(T)Jo.(T). _

(2) If &€ is an ELN, and T(M,) C My, for n > 0, then o,(T)\{0} is

empty.
Proof. (1) It suffices to show that ¢,(T) is empty. Suppose not, so 34 with
N (A—-T)={0} and #(A-T) not dense in X. By Theorem 3(1), A—T
is not surjective on M, /M, for some n. This implies that A — T is not
surjective on the f.d. space M, ;. Therefore, A—T isnot 1-1 on M, . Thus,
W (A—T) # {0}, a contradiction.

(2) Assume A #0,(A—T)x=0,and x #0. Since N{M;:0< k <0} =
{0}, 3n such that x ¢ M,,,. We may assume 7 is the smallest nonnegative
integer with this property, so x € M, and x ¢ M,,,. But Ax = Tx € M,
by hypothesis. Thus x € M,,,, a contradiction.

Assume J is a proper closed ideal in a Banach algebra 4 with identity. It
is a fact, from the holomorphic operational calculus, that when T € J and
f is holomorphic on some open neighborhood of ¢(7) and f(0) = 0, then
f(T) € J. We apply this to the situation when 7 € J has disconnected
spectrum.

Assertion 5. When T € J has disconnected spectrum in A, then some nonzero
spectral idempotent of T isin J.

To verify this, suppose g4(7) = AUT, where A and I' are both nonempty
open and closed subsets of g4(7) and A and I' are disjoint. Assume 0 ¢ A.
Choose disjoint open subsets U and V' of the complex plane such that AC U
and TU{O}CV.Let f=1o0n U, f=0 on V. Then, as remarked above,
F(T) € J. Thus Assertion 5 holds.

Theorem 6. Assume & = {M; :0< k < oo} C Lat(T).

(1) If &€ is an EUN and T(M,) C M,_, for 1 < n < oo, then o(T) is
connected.

(2) If € is an ELN and T(M,_,) C M, for 1 < n < oo, then o(T) is
connected.

Proof. Let A= Alg(Z). When & and T are as in (1), let

(3) J={SeAd:SM,) CM,_,forl <n<cx}.
When & and T are as in (2), let

4 J={Se€eAd:S(M,_) C M, forl<n<oo}.
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In both cases J is a proper closed ideal of 4 and T € J. We claim that in
both cases J contains no nonzero projection. Once this fact is established, the
theorem follows from Assertion 5 above.

Assume E = E2€ J. Let J beasin (3),and & an EUN. If E # 0, then
E(M,) # {0} for some n. Therefore 3x € M,, x # 0, with x = Ex. Then
x = Ex € M,_, since E € J. Repeating this argument n times, we have
x = Ex € My = {0}, a contradiction.

Now assume J isasin (4),and & isanELN.If E#0,3xe My=X, x #
0, with x = Ex . Suppose x € M,,. Then x = Ex € M, . Thus by induction
it follows that x € M, for all n. Therefore x € {M,:0<n < o0} ={0}, a
contradiction.

Theorem 6 applies to shift-type and backward shift-type operators. In fact,
the spectrum of these operators is often a disk centered at 0. We illustrate this
with an example. Assume that X = @ Y72, Xi, where each X is f.d. (as in
the Introduction). For each & € R, assume that the operator Vy defined below
is everywhere defined and boundedon X : For x € X, x = Y ;2 Xk, Xk € Xg,

oo
Vo(x) =Y e*x;
k=1

Then clearly V_g) = Vg‘ forall # € R. Now assume S € B(X) and S(X,) C
Xn—1 for n > 1. (S is a backward shift-type operator.) Fix x € X, x =
Y ket Xk > Xk € Xk, and let y,_; = S(x;) € Xi—; (as before, yo = 0). Then

oo oo oo
Vo'SVex =V;18Y e x = V71> ey = (Zyk_.> =eSx.

k=1 k=2 k=2
Thus, ¢S is similar to S, and therefore
o(S)=e%g(S) forall @ cR.
This means that when i € d(S), the circle {€/“A : & € R} C a(S). Since
0 € 6(S) and o(S) is connected [Theorem 6], it follows that ¢(S) is a disk

centered at 0. Results of this type are well known for certain shifts and backward
shifts; see [5] for example.

3. FREDHOLM PROPERTIES

In this section we consider the Fredholm properties of an operator 7 when &
is an EUN or an ELN and & C Lat(T). First we establish a basic perturbation
result.

When A = Lat(&), we set & (4) = the space of all operators in 4 which
have f.d. range.

Proposition 7. Let A = Alg(&), and assume T € A.
(1) If & is an EUN, then 3K € ¥ (A) such that Z(T +K) is dense in X .
(2) If € is an ELN, then 3J € F (A) such that /(T +J) = {0}.
Proof. First assume that € is an EUN. For each n > 1 choose an f.d. subspace
Y, of X such that M, =Y, ® M,_,. Let E, be a projection in B(X) such
that E,(M,_,) = {0} and H#(E,)=7Y,. Then

E,(M;)={0}for1<j<n-1, and E,(M;)=Y,CM,forn<j<oo.
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It follows that E, € & (4). Now E, acts as the identity operator on M, /M,_,,
and the spectrum of T on M, /M, _, is finite. Therefore, we can choose ¢, > 0
such that &,||E,| < 27" and T + ¢,E, is invertible on M,/M,_,. Set K =
YneiénEn € F(A). By the construction T + K is invertible on M,/M,_, for
n > 1. It follows from Theorem 3(1) that #(T + K) is dense in X .

Now assume & is an ELN. For 1 < n < oo, choose an f.d. subspace Z, such
that M,_, = Z, ® M, . Let F, be a projection in B(X) with F,(M,) = {0}
and #(F,)=Z,. Then

Fu(Mj) C Fy(M,) ={0} forn<j< o,
and
Fo(Mj)=2Z,CM; forl1<j<n.
Therefore, F, € F(A). As before, choose ¢, > 0 with ¢&,||F,| < 27" and
T+é,F, invertibleon M,_;/M,, 1 <n<oo.Let J =3 e.,F, € F(A4). By
the construction T + J is invertible on M,_,/M, for 1 < n < oo. Therefore,
by Theorem 3(2), /(T + J) = {0}.

Let ®(X) denote the set of Fredholm operators in B(X). Also, let ®9(X)
be the set of all T € ®(X) such that ind(7) =0 (ind(7T) = the index of 7).

Corollary 8. Assume & C Lat(T) and T € ®(X).

(1) If &€ is an EUN, then ind(T) >0.

(2) If & isan ELN, then ind(T) <0.
Proof. We prove (1) only (the proof of (2) is similar). Assume & is an EUN,
& C Lat(T), and T € ®(X). By Proposition 7(1), there exists a compact
operator K such that #Z(T + K) is dense in X. Since T + K € ®(X), we
have #Z(T + K) = X. Thus, ind(T) =ind(T + K) > 0.

Theorem 9. Assume & is either an EUN or an ELN. Set A = Alg(&). The
following are equivalent for T € A:

(1) T € ®°(X);

(2) T is invertible in A modulo ¥ (A);

(3) 3F € ¥ (A) such that T + F is invertible.

Proof. We assume & is an EUN. The proof when & is an ELN is similar.

Assume T € ®°(X). By Proposition 7, 3K € & (4) such that #(T + K)
is dense. Now T + K € ®°(X), so Z(T +K) = X and A4 (T + K) = {0}.
It follows that T + K is invertible in B(X), therefore in A [Proposition 2].
Since K € & (A4) and the set of invertibles in 4 is open, 3F € # (A4) such
that T + F is invertible. This proves (3).

It is clear that (3) implies both (1) and (2). Assume (2) holds, so 3S € 4
and 3F,G € ¥ (A) such that ST =1 - F and TS = I — G. Now both
S, TeAand S, T € P(X), so by Corollary 8 ind(7) > 0 and ind(S) > 0.
Also, 0 =ind(J — F) = ind(ST) = ind(S) +ind(T) . Therefore, ind(T) =0, so
(1) holds.

_For T € B(X), let ow(T) denote the Weyl spectrum of T,

ow(T)={A€eC:(A-T) ¢ ®°(X)}.
It is well known that
ow(T) =({o(T +K) : K € B(X), K compact},
[4, Theorem 5.4, p. 180].
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Corollary 10. Assume & C Lat(T), and & is either an EUN or an ELN. Then
ow(T)=([o(T+J):J € F(A4)}.

Proof. The inclusion ow(T) C ({o(T +J) : J € F(A)} follows from the
formula above. Now suppose 4 ¢ ow(T),so A—T € ®°(X). Then by Theorem
9, 3J € F(A) such that (A— T) — J is invertible. Thus, A ¢ (T + J). This
establishes the reverse inclusion.

4. CHARACTERIZATION

In this section we give a characterization in terms of spectral properties of
T for when there exists an EUN or an ELN in Lat(T).

For 4 € C and m a positive integer, let N(A, m) = #/ (A — T)™). Any
vector in N(A4, m) for some A and m is called a principal vector of 7', and
we let Z(T) denote the set of all principal vectors of T .

Theorem 10. Let X be a separable Banach space, and let T € B(X).

(1) 3% an EUN with & C Lat(T) if and only if X is the closed linear span
of #(T).

(2) 3& an ELN with & C Lat(T) if and only if the closed linear span of

P(T*) is a separable total subspace of X*.
Proof. First assume & is an EUN with & = {M,, : 0 < n < oo} C Lat(T).
Now each M, is f.d. and T(M,) C M, . By [6, pp. 336-338], M, is the span
of principal vectors of 7. But the closed linear span of {M, : n > 0} is all of
X, so the closed linear span of #(T) is X .

Conversely, assume X is the closed linear span of #(T). For x € N(4, m),
let M(x) = span{x, Tx, T?x,..., T" 'x}. We claim that M(x) is T-
invariant. To prove this it suffices to show that 7" x € M(x) . This follows from
the equation 0= (A — T)"x = Y., (D)A*(—T)™*x. Let Xo = span(L(T)).
Let {y»}n>1 be a countable dense subset of X;. Each y, has the form

mp
Yn= ) hXn k

k=1

where each x, , is a principal vector of T. Then
W={Mxpi):1<k<my, n>1}

is a collection of T-invariant f.d. subspaces of X, and as {y,}.>1 C span(W¥),
we have span(W)~ = X . Relabel the subspaces in W as {Y, :n > 1}. Set
My={0}, M, =span{Y;, :1 <k <n},My,=X.Then &={M,:0<n<
oo} is an EUN and & C Lat(T).

Assume & = {M, :0<n < oo} isan ELN with & C Lat(T). Since M, has
finite codimension in X, it follows that M- is f.d. for 1 < n < co. Also, M3
is T*-invariant for all n. Now the closed linear span of {M; :1<n < oo} is
a separable and total subspace of X*. The argument in the proof of (1) shows
that span(Z(T*))~ contains this subspace.

Conversely, assume span(Z(T*))~ is separable and total in X*. As in the
argument for part (1), 3{W, : n > 0} such that each W, is a f.d., T*-invariant
subspace, Wy = {0}, W, C W,,,, and

span(#(T*))” =span{W,:n > 1}".
Let M, = {x € X : a(x) =0 forall a € W,} for n > 0. Set My =
X, M,, = {0}. It is easy to check that & = {M, : 0 < n < oo} is an ELN with
& C Lat(T). ’



SPECTRAL AND FREDHOLM PROPERTIES OF OPERATORS 1741

5. OPEN PROBLEMS

When & is either an EUN or an ELN, and & C Lat(T), then this fact affects
the spectral and Fredholm properties of 7. We believe that a similar situation
holds in the case of certain Volterra-type integral operators.

Let X be some Banach space of measurable functions on [0, oo), LP[0, co)
for example. Assume that K(x,?) is a measurable function such that the
integral operator

V(f)x) = /0 TKGe,0f(dt (feX)

is a bounded operator on X . For a > 0, let
M,={feX:f=0a.e.on]l0,a]}, M ={0}.

Then 9 = {M, : 0 < a < oo} is a continuous nest and M C Lat(V). Two

open questions concerning V are:

Question 1. Is g(V) connected?

Question 2. If 1 —V € ®(X), then is ind(A - V) <0?

These questions are considered in Barnes’ paper [1].
There are similar open questions concerning the operator

v = | Ko nfdt (feX),

assuming that U € B(X). Note that Lat(U) contains the continuous nest
N={N,:0<a< o}, where

N,={feX:f=0ae. onla, )}, N =X.
Question 3. Is o(U) connected?
Question 4. If 1 — U € ®(X), then is ind(A—-U)>0?
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